INTEGRAL BASES OF CLUSTER ALGEBRAS AND 
REPRESENTATIONS OF TAME QUIVERS 
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Abstract. In |CKI and ISZI . the authors constructed the bases of cluster 
algebras of finite types and of type A\ t \, respectively. In this paper, we will 
deduce Z-bases for cluster algebras of affine types. 
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1. Introduction 

Cluster algebras were introduced by S. Fomin and A. Zelevinsky [FZj in or- 
der to develop a combinatorial approach to study problems of total positivity 
in algebraic groups and canonical bases in quantum groups. The link between 
acyclic cluster algebras and representation theory of quivers were first revealed in 
MRZj. In |BMRRT] . the authors introduced the cluster categories as the cate- 
gorification of acyclic cluster algebras. Let Q be an acyclic quiver with vertex set 
Qo = {1, 2, • • • , n}. Let A = CQ be the path algebra of Q and we denote by P,; 
the indecomposable projective CQ-module with the simple top Si corresponding to 
i £ Qo and 7$ the indecomposable injective CQ- module with the simple socle Si. 
Let V b {Q) be the bounded derived category of modCQ with the shift functor [1] 
and the AR-translation r. The cluster category associated to Q is the orbit cate- 
gory C(Q) := V b (Q)/F with F = [1] o T ~ x . Let Q(xi, ••• ,x n ) be a transcendental 
extension of Q in the indeterminates x\, ■ ■ ■ ,x n . The Caldero-Chapton map of an 
acyclic quiver Q is the map 

X ? Q :obj(C(Q))-^Q(x l! -- - ,<) 

defined in |CC] by the following rules: 
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(1) if M is an indecomposable CQ-module, then 

I«=^ X (Gr,(M)) [] xr^- {si '^ M -^; 

e ieQn 

(2) if M = Pi[l] is the shift of the projective module associated to a G Qo, then 

X Q -x- 

(3) for any two objects M, N of Cq, we have 

vQ vQ vQ 

Here, we denote by (— ,— ) the Euler form on CQ-mod and GrJ,M) is the e- 
Grassmannian of M, i.e. the variety of submodules of M with dimension vector 
e. x(Grg(M)) denote its Euler- Poincare characteristic. For any object M G C(Q), 
X M will be called the generalized cluster variable for M. 

We note that the indecomposable CQ-modules and Pi[l] for i G Qo exhaust the 
indecomposable objects of the cluster category C{Q): 

indC(Q) = indCQ U {P t [l} : i G Q }. 

Each object M in C(Q) can be uniquely decomposed in the following way: 

M = M ©P M [1] 

where M is a module and Pm is a projective module. Let Pm — ©i S Q m iPi- We 
extend the definition of the dimension vector dim on modules in modCQ to objects 
in C(Q) by setting 

dimA/ = dimM n - (mi) ie Q . 
Let R = (r,-j) be a matrix of size \Qq\ x |Qo| satisfying 

nj = dimcExt 1 (S',,5 i j) 

for any i,j £ Qo- The Caldero-Chapton map can be reformulated by the following 
rules (see |Xu] or |Hulj ): 

(1) 

v v' ^dimP/radP v v ,„<lim.soc/ 
A T p — Ap[!] = X , A T -ij — = 35 

for any projective CQ-module P and any injective CQ-module /; 



(2) 



where M is a CQ-module, R tr is the transpose of the matrix R and x v = 
xl 1 for « = («!,.-• ,w n ) 6 Z". 

Let AH(Q) be the subalgebra of Q(xi, • • ■ , cc„) generated by 

{Xm, X T p | M, P G modCQ, P is projective module} 

and £%{Q) be the subalgebra of AH{Q) generated by 

{X M I M e indC(Q),Ext^ (Q) (M,M) = }. 

In |CK2j . the authors showed that the Caldero-Chapton map induces a one to 
one correspondence between indecomposable objects in C{Q) without self-extension 
and the cluster variables of the cluster algebra A(Q). If Q is a simply laced Dynkin 
quiver , AH(Q) coincides with £H(Q). In [CKj . the authors showed that the set 

{X M I M g C(Q), Ext i (Q) (M, A/) = 0} 

is a Z-basis of £H(Q), i.e. the cluster monomials is a Z-basis of £TL(Q). If Q is a 
quiver of AH(Q) also coincides with £H(Q) (see |SZj . |CZ) L Furthermore, in 
[CZj . the authors gave a Z-basis of AT-L{Q) called the semicanonical basis. If Q is 
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a quiver of type -D4, AH(Q) is still equal to EH{Q) and a Z-basis is given in DX1 
(see also Section IO)l . Recently, in |Du2] . Dupont introduced generic variables for 
any acyclic cluster algebra and conjectured that generic variables constitute a Z- 
basis for any acyclic cluster algebra. He proved that the conjecture is true for a 
cluster algebra of type A PiQ and for any affine type, deduce the conjecture to a 
certain difference property. The difference property has been confirmed for type 
A Pt q in jDu2) . At the same time, we independently constructed various Z-bases for 
cluster algebras of tame quivers with alternating orientations (i.e. any vertex is a 
sink or a source) in the first version of this paper (see [UXXj ) . The present paper is 
the strengthen version of [DXX] . It is self-contained. One need not refer to l DXX . 

The main goal of the present paper is to construct various Z-bases for the cluster 
algebra of a tame quiver Q with any acyclic orientation. Let us describe it in 
detail. Let Q be a tame quiver. Then the underlying graph of Q is of affine type 
Ap, q ,D n (n > 4) or E m (m — 6,7,8) and Q contains no oriented cycles. There are 
many references about the theory of representations of tame quivers, for example, 
see [DR] or [GB]. Define the set 

D(Q) = {d e N Qo I 3 a regular module T®R such that dim(T © R) = d, 

T indecomposable, Ext£ (Q) (T,T) ^ 0, Ext£ (Q) (T, R) = Ext£ (Q) (R, R) = 0}. 
We make an assignment, i.e., a map 

0:D(Q)-)-obj(C(Q)) 

and set 

It is clear that the above assignment is not unique. For simplicity and without 
confusion, we omit (j> in the notation X$. The main theorem of this paper is as 
follows. 

Theorem 1.1. Let Q be a tame quiver and fix an assignment. Then the set 

B(Q) := {X L ,Xd\L G C(Q),d 6 D(Q), Ext^g) (L, L) = 0} 

is a Z-basis of £'H{Q). 

Given an assignment, we obtain a Z-basis. In fact, by Theorem ll.il we will see 
that = D(Q) U E(Q) where E(Q) = Jfi° \ 3L e C(Q) satisfies dimL = 
d and Ext^(Q) (L, L) = 0} (Corollary I5.16[) . Let d — n8 + c? be the canonical 
decomposition of d (see [Kacj l and E be an indecomposable regular simple module 
of dimension vector 8. We set T := E[n) to be the indecomposable regular module 
with quasi-socle E and quasi-length n. Then we obtain another Z-basis 

B'(Q) := {X L ,X E[n]ea \L e C(Q),ExtJ (0) (L,L) = 0, ExtJ (Q) (i?, R) = 0}. 

The paper is organized as follows. In Section 2, we recall various cluster multipli- 
cation formulas. In Section 3 and Section 4, we characterize the generalize cluster 
variables Xm for M G C(Q) and a quiver Q with an alternating orientation. In par- 
ticular, we compare the generalized cluster variables of modules in homogeneous 
tubes and non- homogeneous tubes (see Proposition I4.4p . Note that the proof of 
Proposition 14.41 does not depend on the difference property unless Q is of type A. 
In Section 5, we prove Theorem 11.11 bv using the BGP-reflection functor between 
cluster categories defined in jZhu) and the construction of Z-bases for cluster alge- 
bras of type A P: g where p ^ q in [Du2 . The BGP-reflection functor between cluster 
categories admits that one can drop the assumption of alternating orientation. We 
illustrate Theorem 11.11 bv two examples of type A\ t \ and D4 in Section 6. Section 
7 shows the inductive formulas for the multiplication between generalized cluster 
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variables of modules in a tube. In order to compare our bases with generic variables 
in |Du2| , we prove the difference property for any tame quiver (Theorem 18.21) in 
the appendix of the present paper (Section 8). A direct corollary is that the set 
of generic variables (denoted by B g {Q)) defined in |Du2] is a Z-basis of a cluster 
algebra for affine type. There is a unipotent transition matrix from B g (Q) to B'(Q) 
(Corollary H3J}. 

After the present paper appear, the latest advance is that Geiss-Leclerc-Schroer 
proved the above Dupont's conjecture (in the more general context) via the con- 
struction of the dual semicanonical bases for preprojective algebras (arXiv:1004.2781). 

2. The cluster multiplication formulas 

In this section, we recall various cluster multiplication formulas. In Section 7, 
we will show inductive cluster multiplication formulas for a tube. 

2.1. We recall the cluster multiplication theorem in [XX] and [Xuj . It is a gen- 
eralization of the cluster multiplication theorem for finite type |CK| and for affine 
type [Hul Hu2]. First, we introduce some notations in |XXj and |Xuj . Let Q — 
(Qo, Qi,s, t) be a finite acyclic quiver, where Qo and Qi are the finite sets of ver- 
tices and arrows, respectively, and s,t : Qi — ► Qo are maps such that any arrow a 
starts at s(a) and terminates at t(a). For any dimension vector d = (rfi)ieQ i we 
consider the affine space over C 

Erf = Erf(Q)= Homc(C d '<°\C d «c»>). 

aeQi 

Any element x = (x a ) a ^Q 1 in E^ defines a representation M(x) — (C— , x) where 
C- = ieQo C dl . We set (M(x)) l := <C d * . Naturally we can define the action of the 
algebraic group Gd(Q) = Yl ieQo GL(C di ) on E^ by g.x = {gt(a)Xa9j^)a&Qi - Let e 
be the dimension vector dim M + dim/V. For L G E £ , we define 

(L) := {L 1 e E £ | x(Grd(L')) = x{Gu{ L )) for any d}. 
There exists a finite subset S(e) of E £ such that f |Xu[ Corollary 1.4]) 

Ee= [J (L). 

LeS(e) 

Let O is a Ge-invariant constructible subset of E £ . Define 

Vxt 1 (M,N) = {[0 ->• N ->• L ->• M -)• 0] G Ext x (M, N) \ {0} | L G O} 

There is a C*-action on Ext 1 (M, N). The orbit space is denoted by PExt^M, N). 
Given CQ-modules U, V and an infective module J, define HomcQ(-/V, tM)(v)®{u)i$j[-i] 
is the set 

{/ G Hom CQ (Af,rM) | Ker(/) G (V), Coker(/) = rll' ® J for some U' £ (U)} 

For any projective CQ-module P, let / = DKomcQ(P, CQ). Then there exist two 
finite partitions 

Hom(M,J)= |J Hom(Af,/) (y)ffi/ , [ _ 1] , 
I'VeSid^i')) 

Hom(P,A/)= |J Eom(P,M) P , m(u) , 
P',ues(d 2 {P')) 

where d^I') = dim / + dim/' - dimM. d 2 (P') = djnx P + dimP' - dimM. 

Hom(M,/) <y)e/ , hl] = {/ G Hom(M, /) | Kcr(/) e (F),Coker(/) = /'} 
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and 

Rom(P,M) P , im(u) = {g G Hom(P, M) | Ker(g) = P',Coker(. g ) G (U)}. 
Theorem 2.1. [XX Xu Let Q be an acyclic quiver. Then 

(1) for any CQ -modules M,N such that M contains no projective summand, we 
have 

dim c Ext CQ (M, N)X M X N = £ x(PExt CQ (M, N) (L) )X L 

LeS(e) 

+ H E x(PHom CQ (iV, tM) 

where e = dimM + dimTV and 

(2) for any CQ -module M and projective CQ -module P, we have 
dim c Hom CQ (P, M)X M X P[1] = ^ x(PHom CQ (M, L) {V)(BI , [ _ 1] )X VS)I , [ _ 1] 

+ Yl x(WH,om CQ (P,M)p, m{u) )X P , [1](BU 

P',UeS(d 2 (P')) 

where I = DHomcQ(-P, CQ), I' is injective, and P' is projective. 

We have the following simplified version of Theorem 12.11 

Theorem 2.2. [Pa ][DX2] Let kQ be an acyclic quiver and C(Q) be the cluster 
category of kQ. Then for M, N G C(Q), there exists a finite subset y of the middle 
term of extensions in Extg^(M, N) such that ifExt c (M,N) 0, we have 

X ^t l c (M,N))X M X N = E (x(PEx4 (Q) (M,iV) <r) )+x(PEx^ (Q) (iV,M) m ))X Y . 

Yey 

2.2. Let us illustrate the cluster multiplication theorem by the following example. 
Let Q be a tame quiver with minimal imaginary root <5. Assume there is a sink 
e G Qo such that 8 e = 1. Let P e be simple projective CQ-module at e. There 
exists unique preinjective module / with dimension vector S — dimP e . Then we 
have dime Ext 1 (I, P e ) = 2. The set of indecomposable regular CQ-modules consists 
of tubes indexed by the projective line P 1 . Let 71 , • • • , 7* be all non- homogeneous 
tube. Note that t < 3. Any CQ-module L with Ext (J, Pe)(L) belongs to 
a tube. Conversely, for any tube 7", up to isomorphism, there is unique L G T 
such that Ext 1 (7, P e ){L) ^ 0- Let 7" and T' be two homogeneous tubes and E, E' 
be the regular simple modules in 7" and T', respectively. In Section 4.1, we will 
prove x(G r e(E)) — x(Gre(E')) for any e. Using this result, we have Xe = Xe>- 
By Theorem 12. 11 we obtain 

t 

2X Pe X I = {2-t)X B +Y J X Ei + ]T x(PHom(P e ,r/) <[/)ffi/ , hl] )A [/ffiJ , [ _ 1] 
i=i r,ues(d(i')) 

where E is any regular simple module with dim P = S and Ei is the unique regular 
module in % such that Ext 1 (I, P e )Ei ^ 0. Here V is an injective CQ-module and 
r(d'(J')) = dimri - dimP e - dim/'. 

2.3. We give some variants of the cluster multiplication theorem. In fact, we will 
mainly meet the cases in the following theorems when we construct integral bases 
of the cluster algebras of affine types. 

Lemma 2.3. BMRRT Let Q be an acyclic quiver andC(Q) be the cluster category 
associated to Q. Let M and N be indecomposable CQ -modules. Then 

Extc (Q) (M, N) = Ext C g (M, N) © Hom CQ (M, tN). 
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Theorem 2.4. [CCj Let Q be an acyclic quiver and M any indecomposable non- 
projective CQ-module, then 

XmX t m = 1 + Xe 
where E is the middle term of the Auslander-Reiten sequence ending in M . 

Theorem 2.5. |CK2j Let Q be an acyclic quiver and M ,N be any two objects in 
C{Q) such that dime Ext c ^g% (M, N) — 1, then 

XmXn = Xb + Xb> 

where B and B' are the unique objects such that there exists non-split triangles 

M — > B — > N — >• M[l] and N — > B' — > M — > N[l]. 

3. Numerators of Laurent expansions in generalized cluster 

variables 

Let Q be an acyclic quiver and Ei [n] be the indecomposable regular module with 
quasi-socle Ei and quasi- length n. For any CQ-module M, we denoted by d,M,% the 
i-th component of dim M . 

Definition 3.1. For M,N £ C(Q) with dimM = (mi,-- - ,m n ) and dimTV = 
(?"i, • • • j r n), we write djrnAf ^ dim A" if mi < ri for 1 < i < n. Moreover, if there 
exists some i such that mi < Ti, then we write dim Af -< dimA^. 

For any d G Z^ , define d + — (df )ieQ such that d~l — di if d, L > and df = 
if di < for any i £ Qq. Dually, we set dT = d + — d. 
By Theorem 12. 1[ we have the following easy lemma. 

Lemma 3.2. With the above notation in Theorem \2.lV l) and Ext J.q(M, N)^ ^ 0, 
we have dim(V © U © L[-l}) ~< dim(Af © N) = dimL. 

According to the definition of the Caldero-Chapton map, we consider the Laurent 
expansions in generalized cluster variables Xm — n P ^ xmi for M € C(Q) such 

that the integral polynomial P{x) in the variables Xi is not divisible by any Xi. 
We define the denominator vector of Xm as (mi, • • • , m n ) [FZlj . The following 
theorem is called as the denominator theorem. 

Theorem 3.3. |CK2| Let Q be an acyclic quiver. Then for any object M in C(Q), 
the denominator vector of Xm is dim Af. 

The orientation of a quiver Q is called alternating if every vertex of Q is a sink 
or a source. We note that there exists an alternating orientation for a quiver of 
type A PyP , D n (n > 4) or E m (m — 6, 7, 8). According to Theorem 13.31 we can prove 
the following propositions. 

Lemma 3.4. Let Q be a tame quiver with the alternating orientation. If M is 
either Pi or Ii for 1 < i < n, then Xm = iescmI where the constant term of P(x) 
is 1. 

Proof. 1) If i is a sink point, we have the following short exact sequence: 

— > Pi — > Ii — > I' — ► 

Then by Theorem 1 2. 11 we have: 

X rPz X Pz = x ^ socI ' + l 

Thus the constant term of numerator in Xp t as an irreducible fraction of integral 
polynomials in the variables Xi is 1 because of X T p i = Xi . 
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If i is a source point, we have the following short exact sequence: 
— ► P' — ► Pi — > h — > 

Similarly we have: 

X T p i Xp i = Xp' -\- 1 

Thus we can finish it by induction on P'. 

2) For Xj t , it is totally similar. □ 

Note that X rPi = x, = -=r and dim(TP j; ) = (0, • • • , 0, -1, 0, • • • ,0) with i-th 

component 1 and others 0. Hence we denote the denominator of X T p i by and 
assert the constant term of numerator in X T p i is 1. With these notations, we have 
the following Proposition 13.51 

Proposition 3.5. Let Q be a tame quiver with the alternating orientation. For 
any object M £ C(Q), then Xm = x ml?iM) where the constant term of P(x) is 1. 

Proof. It is enough to consider the case that M is an indecomposable module. 

1) If M is an indecomposable preprojective module, then by the exchange relation 
in Thereom 12.41 we have 

XmX t m = Y\_^ Bi + 1' 

i 

Thus by Lemma 13.41 we can prove that Xm — S^m) where the constant term of 
P(x) is 1 by induction and the directness of the preprojective component of the 
Auslander-Reiten quiver of indecomposable CQ-modules. It is similar for indecom- 
posable preinjective modules. 

2) If M is an indecomposable regular module, it is enough to prove that the 
proposition holds for any regular simple module according to the exchange relation. 
If M is in a homogeneous tube, , then M = tM . It is enough to consider the case 
of dinx M = 5 = (<5i)«eQo by Theorem 12.41 Note that there exists a vertex e G Qo 
such that 6 e = 1. Thus we have 

dimcExt^g (M,P e ) = dimcHomcQ (P e ,M) = 1. 

Then we obtain the following two non-split exact sequences: 

— > P e — > L — >M — > 

and 

— > L' — > P e — > M — > L" — > 
where L and V are preprojective modules and L" is a preinjective module. Using 
Theorem 12. II or Theorem 12.51 we have 

XmXp^ = Xl + Xl'X t -i l „ 

where dim(L' © r _1 i") -< dim(P e © M). We have already proved that the constant 
terms of the numerators of Xp e , Xl, Xl> and X T -i L „ as irreducible fractions of 
integral polynomials in the variables Xi is 1 by the discussion in 1), then the constant 
term of the numerator in Xm as an irreducible fraction must be 1. Let T be 
a non-homogeneous tube of rank r with regular simple module Ei for 1 < i < 
r. By Theorem 12.41 we only need to prove the constant term of the numerator 
in XEi is 1 for 1 < i < r. We assume d,E r , e and tE^ = E\,--- ,rE\ = 
E r . Therefore dimcExt 1 {E\, P e ) = 1, then we have the following non-split exact 
sequences combining the relation tE\ = E r 

— > P e — > L — > E l — ^0 

and 

— > L' — >P e — > E r — > L" — > 
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where L and L' are preprojective modules and L" is a preinjective module. Then 
we have 

Xe 1 Xp <! = Xl + Xl'X t -i l » 
where dim (L , ®r~ 1 L // ) -< dim(P e ®i?i). Hence, the constant term of the numerator 
in Xe ± must be 1. Note that d,E r [2],e = ^£ r ,e + <fei,e = L by similar discussions, 
we can obtain the constant term of the numerator in X^m must be 1. Thus 
by Xe 1 Xe 2 — Xe ± [2] + 1, we obtain that the constant term of the numerator in 
Xe 2 must be 1. Using the same method, we can prove the constant term of the 
numerator in Xe { must be 1 for 3 < i < r. □ 

4. Generalized cluster variables on tubes 

Let Q be a tame quiver with the minimal imaginary root 5 = (^i)ieQo' Then 
tubes of indecomposable regular CQ-modules are indexed by the projective line 
P 1 . Let A be an index of a homogeneous tube and E(X) be the regular simple 
CQ-module with dimension vector 5 in this homogeneous tube. Assume there are 
t(< 3) non-homogeneous tubes for Q. We denote these tubes by 7i, ■ • ■ ,%■ Let 
Ti be the rank of % and the regular simple modules in % be E± , • " such 
that tE% = Ei, ■ ■ ■ ,tE± = Ef 1 } for i = 1, • • ■ ,t. If we restrict the discussion 
to one tube, we will omit the index i for convenience. Given a regular simple 
£ in a non-homogeneous tube, E[i] is the indecomposable regular module with 
quasi-socle E and quasi-length i for any i € N. Let Xm be the generalized cluster 
variable associated to M by the reformulation of the Caldcro-Chapton map. Set 
X n g. . = X„u), , for n e N. 

Proposition 4.1. |Du2[ Lemma 3.14] Let X and /j, be in C such that E(X) and 
E(/i) are two regular simple modules of dimension vector 5. Then x(Gr e (E(X))) = 
X (Gre(S( M ))). 

Proposition 4.2. Let M be the regular simple <CQ-module with dimension vector 
6 in a homogeneous tube. For any to, n G N and to > n, we have 

XM[m\XM[n] = X M [ m+n ] + X M [ m+n _2] H h ^M[m-n+2] + -^M[m-»]- 

Proof. If n = 1, we know dim c Ext 1 (M[to],M) = dim c Hom(M, M[to]) = 1. The 
involving non-split short exact sequences are 

— > M — Y M[m + 1] — Y M[m] — > 

and 

— yM — Y M[m] — > M[m - 1] — Y 0. 
Thus by Theorem O or Theorem |2"31 and the fact rM[k] = M[k] for any k G N, 
we obtain the equation 

^Af[m]^Af = ^M[m+1] + ^M[m-1]- 

Suppose that it holds for n < k. When n = k + 1, we have 

XM[m]XM[k+l] = A M [ m ](X M [ fe ]A"M— -X"m[/s-1]) = X M [ m ^X M [ k ^X m~ X M [ m ] X M \ k -l] 

k fc-1 

= ^2 X M { m+k _2i]XM — XM[ m +k-l-2i] 
i=0 i=0 
fc fc-1 

= ^J(^M[m+fc+l-2i] + -^M[m+fc-l-2i]) — ^ -^Af[m+fe-l-2i] 
i=0 i=0 
fe+1 

= Am [,„+fc+l-2i] ■ 

i=0 
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□ 

By Proposition 14. II and Proposition ^. 21 we can define X n s := XM[ n ] f° r n £ N. 
Now we consider non-homogeneous tubes. 

Proposition 4.3. Let Q be a tame quiver with the alternating orientation. Then 
X n $ ih = X n s j t + J2dimL-<nS a L^L in non-homogeneous tubes where ah G Q. 

Proof. Denote S — (i>i,V2,--- ,V n ) and dim£ ^ = (Vji,Vj2, ■ ■ ■ ,Vj n ), then 5 — 

J2i<j<r dim E^. Thus by Theorem 12.11 Lemma 13.21 and the fact that for any 
dimension vector there is at most one exceptional module up to isomorphism, we 
have 

A Si A S 2 ' " A s„ 
- \ A S 1 A s 2 ' ' ' A s„ l ' ' ' V A S! A s 2 '" A S„ ) 

= (aiX E a) + 2J a L 'X L i) ■ ■■ (a n X E (i) + 2J a L nX L „) 

dimL'^dimB* 1 ' dimL" xdimB^*' 

= ai ■ ■ ■ a ri Xs i k + u-mXm- 

dim A/X<5 

Note that by Proposition 13.51 the left hand side of the above equation have a term 

n T 

we have 



— which cannot appear in X« for dimM -< 6, we thus have a^s ^ 0. Similarly 

1 li=l x i 



A s 1 A s 2 • • ' A s„ 



{b 1 X E u ) + Y, bT>XT>)---(b rj X E aj+ ^ b T „X T „) 

dimT'^dimB^' 

61 • • • b rj X Sjil + ^ b N Xr< 



dimT'^dimB^' dimT" ^dimB*.- 



L N • 



where b[s 7^ 0. Thus we have 

ai ■ ■ ■ a n Xs i k = bi ■ ■ ■ b n Xs 3 , + ^ b^Xm — ^ a M X M - 

dim N^S dim A/^<5 



Therefore by Proposition 13.51 and Theorem 13.31 we have 

d\m_N'-<8 

Now, suppose the proposition holds for m < n, then on the one hand 

X n Si th XSi , fc = -X"(n+1)«< . k + X! b L >X L ,. 

dimL'^(n+l)(5 

On the other hand 

XnS iik Xs i:k 

= (X n 6 jtl + ^ a L X L)X Siik 
dimX -<ra<5 

= (X^., + ^ a L X L )(X 5ji + ^ b N 'X N >) 

dha L^nS dim N ' 

= X(n+l)5 ilt + bjjiXi.ii. 

dimL"^(n+l)(5 



10 



MING DING, JIE XIAO AND FAN XU 



Therefore, we have 

dimL"^(n+l)(5 dhnL'X(n+l)<5 

Thus the proof is finished. □ 

Proposition 4.4. Lei Q be a tame quiver with the alternating orientation. Then 
X nS = X nSi l + J2dhnL-<n8 a L X L, where a L e Q. 

Proof. Let Q be of type D n (n > 4) or E m (m = 6, 7, 8) and S = (vi,v 2 , ■ ■ ■ > v n), as 
in the proof of Proposition 14.31 we have 

A Si A S 2 ' " A s„ 

= (oiX £ (i) + a L 'X L ') ■ ■ ■ (a n X E (i) + ^ a L »X L ») 

dimi'^dimB^' dim L" ^ dim gff 

= ai • • • a ri Xsi A + 2^ umXm- 

where a[s ^ 0. On the other hand, by the discussion in Section 2.2 and Proposition 
14.31 we have 

A Si A S 2 ' " A s„ 



= (hX Pe + b u X L ,){b 2 X I + Yj b L"X L ") 

dim ZZ-^ dim Pp. dimL" -< dim / 

l 3 

= -hh(-x s +j2x Sk>1 )+ 1nXn 

k=l dimAT-!(5 

= -^bib 2 X s + -bxb 2 X SiA + Y b N'X N '- 



2 

dim N'~<S 



where &-s 7^ 0. Thus 

01 • • ■ Onlj,; + 2J o-mXm = --bib 2 X s + -bib 2 X Sil + fc/v^ 



JV' 

dimA/X<5 ~ ~ dimJV'X<5 



This deduces the following identity 

-bib 2 Xs = {^jbib 2 — at ■ ■ ■ a n )X Si l + b N ,X N , - ^ a M X M - 

dim jV'X<5 dim M^ii 

Note that b^s ^ 0. Therefore by Proposition 13.51 and Theorem 13. 3[ we have 

X$ — X$ iA + Yj a M>X M >. 

dimM'Xg 

Then we can finish the proof by induction as in the proof of Proposition 14.31 
When Q is of type A p>p , we can prove it by Theorem 18.21 □ 

Proposition 4.5. Let Q be a tame quiver with the alternating orientation. If 
dim(Ti © R\) = dim fT? R 2 ) where Ri are or any regular exceptional mod- 
ules, Ti are or any indecomposable regular modules with self-extension in non- 
homogeneous tubes and there are no extension between Ri and Ti, then 

XrtmRi = Xt 2 ®r 2 + ^ o.rXr 

dimflxdim(T 2 ©i? 2 ) 
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where sr eQ. 

Proof. Suppose dim (Ti (B Ri) — (d±, d®, ■ • ■ , d n ), as in the proof of Proposition 
we have 

vdi -yd 2 vd n 
A Si A S 2 ' " A S„ 

= (aiX E (i) + ^ a L >X L ,) ■ ■ ■ (a a X E w + ^ a L nX L n) 

dim L'^ dim gP dim L"^ dim gj' ) 

x(a Rl X Rl + a L >»Xyn) 

dvmL'" -< dim -Ri 

= «^Ti®fi! + ^ OlX L . 

dimL^dim(Tie-Rl) 

where a ^ as the discussion in the proof of Proposition 14.31 Similarly we have 

vdi -y-d 2 vd n 

A S! A S 2 ' " A s„ 

= (b 1 X E u ) + b M >X M ')---{b t X E u ) + Y b M »X M ») 

dimM'^dimE 1 /' dimM" ^dimBp' 

x(bR 2 X R2 + Y b M n,X M u,) 

dim Af "' -^ d\\\\ R 2 

= bX T2 (BB 2 + Y, b M X M - 

dimL^dim(T 2 ©fl 2 ) 

where 6^0. Thus 

aX^tsRx + ^ o,lX l — bX T2 ®R 2 + Y, b M X M - 

dimL^dim(Ti©i?,i) dimL-;dim(T 2 ©i?2) 

Therefore by Proposition 13.51 and Theorem 13.31 we have 

X T x ®Ri = X T 2 ®R 2 + Y, a R X R . 

dimi?^dim(T 2 (BR 2 ) 



□ 



5. A Z-BASIS FOR THE CLUSTER ALGEBRA OF AFFINE TYPE 



In this section, we will construct a Z-basis for the cluster algebra of a tame 
quiver. 

Definition 5.1. |CK| Let Q be an acyclic quiver and B = R — R tr . The quiver Q 
is called graded if there exists a linear form e on Z™ such that e(Bai) < for any 
1 < i < n where cti denotes the i-th vector of the canonical basis o/Z™. 

Theorem 5.2. |CK| Let Q be a graded quiver and {Mi, • • • , M,.} a family objects 
in C(Q) such that dim M, ^ dimAfj for i ^ j , then Xm x ,--- ,Xm t are linearly 
independent over Q. 

Now let Q be a tame quiver with the alternating orientation. Note that the 
quiver Q we consider is graded. Define the set S(Q) to be 

{X L ,X TeJI |dim(Ti 8iZi) # dim(T 2 ® R 2 ),Ext x c{Q) (T, R) = 0, Ext£ (Q) (L, L) = 0} 

where L is any non- regular exceptional object, R is or any regular exceptional 
module and T is or any indecomposable regular module with self-extension. 

To prove Theorem 15. 61 Firstly we need to prove the dimension vectors of these 
objects associated to the corresponding elements in S(Q) are different by Theorem 
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Proposition 5.3. Let T © R satisfy X TS)R G S(Q). If R ^ 0, then djm M ^ to6 
/or m G N. 

Proof. Let i?o be an indecomposable regular exceptional module as a non-zero 
direct summand of R. We set M — T © R = M' © i? and mS = dim M. Since 
Extc (Q) (T, R) = and Ext£ (Q) (i?, i?) = 0, we have 

( dim A/, dim fln) = ( dim M ', dim fln) + (dimi? , djm.Ro) > 

where (a, (3) — (a, f3) + (j3, a) for a, (3 G Z n . It is a contradiction to (mS, djrmRo) = 
0. □ 

Proposition 5.4. Let M be a regular module associated to some element in S(Q) 
and L be a non-regular exceptional object in C(Q). Then dim M ^ dim L . 

Proof. If L contains some tPi as its direct summand, we know that 

&m(TPi) = (0,-.- ,0,-1, (),••• ,0) 

where the i-th component is —1. Suppose L = rPi © rP^ • • • rPi r © N where N is 
an exceptional module. Because L is an exceptional object, X T p i X^ = Xi-p^n i-e. 
dim c Hom(Pi, N) = 0. Thus we have dim c N(i) = and dim c (rP © TP h ■ ■ ■ rP ir © 
< — 1. However, dim M > 0. Therefore, dim M =^ dimL. 
If L is a module. Suppose dim M = dim _L. Because L is an exceptional module, 
we know that M belongs to the orbit of L and then M is a degeneration of L. 
Hence, there exists some CQ-modulc U such that 

— > M — > L®U — ► U — ^0 

is an exact sequence. Choose minimal U so that we cannot separate the following 
exact sequence 

— >0 — >Ui — >Ui — >Q 

from the above short exact sequence. Thus M has a non-zero map to every direct 
summand of L. Therefore L has no preprojective modules as direct summand 
because M is a regular module. 

Dually there exists a CQ-module V such that 

— >V — ► V © L — > M — >• 

is an exact sequence. We can choose minimal V so that one cannot separate the 
following exact sequence 

— >Vi — >Vi — >0 — ^0 

from the above short exact sequence. Thus every direct summand of L has a 
non-zero map to M. Therefore L has no preinjective modules as direct summand 
because M is a regular module. 

Therefore L is a regular exceptional module, it is a contradiction. □ 

Secondly, we need to prove that S(Q) is a Z-basis of ATL(Q). 

Proposition 5.5. XmXn must be a Z- combination of elements in the set S(Q) 
for any M,N G C(Q). 

Proof. Let M,N be in C(Q). By Lemma 13.21 we know that XmXm must be a 
Q-linear combination of elements in the set 

{X L ,X TeR \Ext 1 c{Q) (T,R)=0,Ext 1 c{Q] (L,L) = 0} 

where L is any non- regular exceptional object, R is or any regular exceptional 
module and T is or any indecomposable regular module with self-extension. 
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From those propositions in Section 4, we can easily find that XmXn is a Q-linear 
combination of elements in the set S(Q). Thus we have 

XmXn = byXy + ^ byXyi 

dim V'^ dim (MSAQ 

where diml" = dim(M © N), X Y ,Xy G S(Q) and by, by G Q. Therefore by 
Proposition 13.51 and Theorem 13. 31 we have by = 1. Note that there exists a partial 
order on these dimension vectors by Definition 13. f I Thus in these remained Y', we 
choose these maximal elements denoted by Y[, ■ ■ ■ , F s '. Then by by — 1 and the 
coefficients of Laurent expansions in generalized cluster variables are integers, we 
obtain that by' , • • • ; by,' are integers. Using the same method, we have by € Z. □ 

Theorem 5.6. The set S(Q) is a Z-basis of AH{Q). 

Proof. The proof follows from Proposition 15 . 31 Proposition 15.41 and Proposition 
1531 □ 



Corollary 5.7. S(Q) is a Z-basis of the cluster algebra £H(Q). 

Proof. Let E\, ■ ■ ■ ,E r be regular simple modules in a tube T of rank r > 1. It 
is obvious that X Ei G £W(Q). Then by [Dull Proposition 6.2], one can show 
that X E .r n i G £%{Q) for any neff. Thus by Proposition 14.41 we can prove that 
X mS 6 EU{Q). By definition, X L 6 £H(Q) for L satisfying Ext£ (Q) (Z, £) = 0. 
Thus S(Q) C £H(Q). It follows that S(Q) is a Z-basis of the cluster algebra 
£H{Q) by Theorem EE □ 

According to Theorem 15.61 and Corollary 15. 71 we have 

Corollary 5.8. Let Q be an alternating tame quiver. Then £TL(Q) — AH{Q). 

Proposition 5.9. Let Q be an alternating tame quiver with Qo = {1,2,-- - ,n}. 
For any d = (rfj)jeQo £ we have 

n ^ 

T\. X sl X p\[1] = X M(d u -,d n ) + ^2 h L X L 

i=l dim L^jd^ ,d„) 

where ^m(4,-,4) -^Ci. S S(Q), dimA/ = (e?i, • ■ • ,d n ) G Z n and b^ G Z. 
Proof. It follows from Proposition 13.51 Theorem [373] and Theorem [576] □ 



Note that {X M ^ dl ... ^\ : {d\,--- ,d n ) G Z™} is a Z-basis of AH(Q), then we 
have the following Corollary 15.101 by Proposition [ 



Corollary 5.10. The set {n"=i X p[i] I (^l)"" >^n) e * s a Z-frasis o/ 

^W(Q). 

Suppose Q is an acyclic quiver. Define the reflected quiver o~i(Q) by reversing 
all the arrows ending at i. The mutations can be viewed as generalizations of 
reflections i.e. if i is a sink or a source in Qq, then ^i(Q) — Oi(Q) where fii denotes 
the mutation in the direction i. Thus there is a natural isomorphism of cluster 
algebras 

$ : £H{Q) — > SH(Q') 
where Q' is a quiver mutation equivalent to Q, and $ is called the canonical cluster 
algebras isomorphism. 

Let i be a sink in Q , Q' = a^Q) and Rf : C{Q) — > C(Q') be the extended BGP- 
reflection functor defined in [Zhuj . Denote by X® (resp. by Xf i( ^) the Caldero- 
Chapton map associated to Q (resp. to o~iQ). 

Then the following hold. 
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Lemma 5.11. [Zhuj Let Q be an acyclic quiver and i be a sink in Q. Then 
induces a triangle equivalence 

R+ : C(Q) — ► C{a t Q) 

We note that Lemma 15.111 plavs an essential importance to obtain the following 
lemmas. 

Lemma 5.12. |Du2) Let Q be a tame quiver and i be a sink in Q. Denote by 
$>i : A(Q) — > A(o~iQ) the canonical cluster algebra isomorphism and by Rf~ : 
C(Q) — > C(oiQ) the extended BGP-reflection functor. Then 

where M is any rigid object in C(Q) or any regular module in non-homogeneous 
tubes. 

Lemma 5.13. Let Q be a tame quiver and E be any regular simple module of 
dimension vector 5. Then we have <& e {X^r®) = where e is a sink or source 

in a e Q. 

Proof. We only consider the case e is a sink in cr e Q. If Q is of type A p _ q , then the 
lemma follows [Du2, Proposition 4.6]. Now we assume that Q is of type D n (n > 4) 
or E m (m — 6, 7,8). Thus there are three non-homogeneous tubes for a e Q denoted 
by 71,75, 75. Let E^lm] be the unique indecomposable regular module in 71 such 
that dini- E^ [m] — 5 and reg.top(£J^ [rii\) e ^ for i = 1,2,3. Let P e and I be 
cr e Q-modules such that dim / = 6 — e. Using Theorem 12.11 (1), we know that the 
product 2Xpl Q Xj' Q is equal to 

3 

~ X E Q + Y, X e$ M + E x(FHom(P e ,r/) (c/)e/ , hl] )^, hl] . 
i=i 1 ' i',ues(d(i')) 

Since U © /'[— 1] is a preinjective module, applying the isomorphism <£> e to two side, 
by Lemma T5. 121 we know that the product 2Xp ^X® + is equal to 

-*.W fl )+E^ w«> [n<]) + E x(FHom(i'.,rI) <I o^[- 1 ])^ (l , ffl/ , [ _ 1]) . 
»=i l',ues(d(i')) 

We note that P® is the projective CQ-module at e and dim Rf (I) = 5 + e. Let I® 
be the simple injective module at e. Then any nonzero morphism from R+(I) to I® 
is epic and any nonzero morphism from P® to R^I is monic. Applying Theorem 
EJ (2) to the product X% ,X® we obtain that the product 2X% ,X® is 
equal to 



- X nt( E) +J: xQ Rt{ ^ [ni]) + E XpHamiP^ww^X^ . 
i=i r,ues(d(i')) 

Hence, we have $ e (A^ Q ) = A^+ (£) . □ 



Theorem 5.14. Let Q be an alternating tame quiver and Q' = o~i 3 ■ ■ ■ (Q). Then 
a X-basis for the cluster algebra of Q' is the following set (denoted by S{Q')): 

{X LI ,X T ^ RI \dm(T{®R[) ? djm(T^),Ext^ (Q , ) (T , ,i? / ) = 0,Ext^ (c3 , ) (L / ,L , )=0} 

where L' is any non-regular exceptional object, R' is or any regular exceptional 
module, T' is or any indecomposable regular module with self-extension. 
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Proof. If Q' is a quiver of type Aii, it is obvious that 

{X M ,X nS | M G C(Q),Ext 1 (M, M) = 0} 

is a Z-basis for cluster algebra of Ai t \, which is called the semicanonical basis in 
|CZ) . If Q' is not a quiver of type Ai.,1 and Q is an alternating tame quiver, then in 
Theorem 15.61 we have already obtained a Z-basis for cluster algebra of Q, denoted 
byS(Q): 

{X L ,X T BR\^m(Ti ®Ri) ^djm(T2©i?a),E3d;J W) (r,iZ) = 0, Ext£ (Q) (L, L) = 0} 

where L is any non- regular exceptional object, R is or any regular exceptional 
module and T is or any indecomposable regular module with self-extension. Thus 
$(<S(Q)) is a Z-basis for the cluster algebra of Q' because $ : SH(Q) — > £H(Q') 
is the canonical cluster algebras isomorphism. Then by Lemma 15.121 and Lemma 
15.131 we know that $(<S(Q)) is exactly the basis S(Q'). □ 

Proof of Theorem 1.1. If Q is reflection equivalent to a quiver with alternating 
orientation, then the proof follows from Theorem 15.141 If any orientation of the 
underlying graph of Q does not satisfy that any vertex is a sink or a source, then 
Q is a quiver of type A p ^ q with p ^ q. The theorem follows |Du2[ Theorem 4.8]. 
□ 

For any dimension vector d, let d = kS + <i be the canonical decomposition of d 
(see [Kac ) and E be an indecomposable regular simple module of dimension vector 
5. There exists a regular rigid module R of dimension vector d . Then Theorem 
11.11 implies that the set 

B'(Q) := {X L ,X E[mR \L G C(Q),Exti (Q) (L,L) = 0, Ext£ (Q) (R, R) = 0}. 

is a Z-basis for £TL(Q). 

As in Corollary 15.71 let E\ , ■ ■ ■ ,E r be regular simple modules in a tube T of 
rank r > 1. It is obvious that X^An] £ £H(Q) for 1 < i < r and neN. Thus, we 
have 

Corollary 5.15. Lei Q be a tame quiver. Then £TL(Q) = ATL(Q). 

Recall the set E(Q) was defined in the introduction. For any d G Tfl° , we have 

n 

i=l <&m£-<(<ii,— ,d„) 

where Im and G B(Q), and 6m, G Z. According to Theorem 12.11 we know 
that 6m 7^ and dimA/ = {d\, ■ ■ ■ , d n ) G Z". Thus we have the following corollary. 

Corollary 5.16. Lei Q 6e a fame grower. T/ien Z Qo = D(Q) U E(Q). 

6. Examples 

In this section, we will give some examples for special cases to explain the Z-bases 
explicitly. 

6.1. Z-basis for finite type. For finite type, we know that there are no regular 
modules in mod-CQ. Thus the Z-bases are exactly 

{X M | M G C(Q), Ext 1 (M, M) = 0} 

in [CK]. 
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6.2. Z-basis for the Kronecker quiver. Consider the Kronecker quiver K. Let 
M be a regular simple C-ftT-module and M[n] be the regular module with regular 
socle M and regular length n E N. Since Xm[ti] = ^M'[n] f° r an Y regular simple 
M'. We set X n $ := Xm[u] - In this case, there is a Z-basis of C(K) is 

B'{K) = {X M ,X n5 | M e C(Q), Ext 1 (A/, M) = 0} 
which is called the semicanonical basis in |CZj . If we modify: 

X~$ , z n := X„,5 — X, 



Zl 



Then {X M ,z„ | M <= C(Q), Ext 1 (M, M) 
algebra of Kronecker quiver in [SZ . 



(n-2)S- 

0} is the canonical basis for cluster 



6.3. Z-basis for D4. Let Q be the tame quiver of type D4 as follows 



We denote the minimal imaginary root by 5 
modules of dimension vector S are 

C 



(2,1,1,1,1). The regular simple 



a 2 „ «3 

c — ^c 2 ■< — 



c 



with linear maps 



Oi\ = 



, Ot2 = 



,"3 = 



, «4 = 



where X/fi 6 P 1 , X/fJ, ^ 0, 1, 00. Let M be any regular simple CQ-module of dimen- 
sion vector S and Xm be the generalized cluster variable associated to M by the 
reformulation of the Caldero-Chapton map. Then we have 



Proposition 6.1. [DXT] X M = -3 — - 



XIX2X3X4X5 



3?! +4a:i+6 . X2X3X4X5+2 
X2X3X4X5 ~x\ 



4_ 

■Tl ' 



We define X n s :— Xm[u] f° r n £ N. Now, we consider three non-homogeneous 
tubes labelled by the subset {0, 1, oc} of P 1 . The regular simple modules in non- 
homogeneous tubes are denoted by E\ , E 2 , E 3 , E4 , E 5 , E% , where 

dim^i = (1,1,1,0,0), dimff? = (1,0,0,1,1), djnxE 3 = (1,1,0,1,0), 
djnx&t = (1,0,1,0,1), dinxEs = (1,0,1,1,0), dim^g = (1,1,0,0,1). 
We note that {Ei,Ez}, {£3, E4} and {E§, E§} are pairs of the regular simple mod- 
ules at the mouth of non-homogeneous tubes labelled by l,oo and 0, respectively. 
We set X n s t :— X E .[ 2n ] for 1 < i < 6. 

Proposition 6.2. |DX1) For any n £ N, we have X n $ x = X n g 2 = X n g 3 = X n g 4 — 
X n s 5 = X n s e and X n g 1 = X n s + X( n _ 1)S where X = 1- 
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Theorem 6.3. |DX1| A Z-basis for cluster algebra of D4 is the following set de- 
noted by B{Q): 

{X^X^X^fc+i^flldim^ip/c + 1] ® R x ) ^ dm(E 3 [2l + 1] ®R 2 ), 

EbrtJ (0) (L, L) = 0, Ext£ (Q) (Ei[2k + 1],R) =0,m,k,l > 0,1 < i,j < 6} 

where L is any non-regular exceptional object, R is or any regular exceptional 
module. 

7. Inductive multiplication formulas for a tube 

In this section, let Q be any tame quiver. Now we fix a tube with rank r and 
these regular simple modules are E±, ■ ■ ■ ,E r with TE2 — E\, ■ ■ ■ , tE\ — E r . Let 
X Ei be the corresponding generalized cluster variable for 1 < i < r. With these 
notations, we have the following inductive cluster multiplication formulas. 

Theorem 7.1. Let i,j,k,l,m and r be in Z such that 1 < k < mr + 1,0 < I < 

r — 1, 1 < i, j < r,m > 0. 

(1) When j < i, then 

1) fork + i > r + j, we have X Ei [ k ]X E .[ mr+ q = X Ei [( m +i)r+i+j-i]X Ej [k+i-r-j] + 

X Et [r+j-i-l]X Ek+i+1 [( m +l)r+l+j-k-i-t], 

2) for k + i < r + j and i < I + j < k + i — 1, we have X E .[ k [X Ej [ mr+l } = 

X Ej [mr+k+i-j] X Ei [l+j-i] + X Ej [ mr +i-j-l]^Ei +i + i[i;+!-!-i-l] ) 

3) for other conditions, we have X E . [k] X E][mr+l] = X E .[ k ^ E .[ mr+l y 

(2) When j > i, then 

1) for k>j~i, we have X Ez[k] X Ej[mr+l] = X E . [j ^ i _ 1] X Ek+i+l[mr+l+j _ k _ i _ 1] + 
X Ei [mr-\-l-\-j — i] X Ej [ k+i - 3 ], 

2) for k < j — i and i < I + j — r < k + i — 1, we have X E .[ k iX E [ TOr +;] = 

X Ej [( m +l)r+k+i-j]X Ei [i+j- r -i] + X E . [( m+1 ) r+i _ j-\]X El+j+1 [ k + r +i-l-j -1] ; 

3) for other conditions, we have X Ei [ k ]X Ej [ mr+ q = X E .[ k ] eE .[ mr+ q. 

Proof. We only prove (1) and (2) is totally similar to (1). 

1) When k = 1, by k + i > r + j and 1 < j ' < i < r ==>• i = r and j = 1. 
Then by the cluster multiplication theorem in Theorem 12.11 or Theorem 12. 51 we 
have 

X Er X El [ mr+ i] = x Er 

[mr+Z+1] 

+ X E2 

[mr+l—1] ■ 

When k = 2, by k + i > r + j and 1 < j < i < r ==> i = rori = r— 1. 

For i — r j = 1 or j — 2: 

The case for i = r and j = 1, we have 

X Er [2}X El [ m r+l] 
= {X Er X El — l)X El [ mr+ i] 

= X El (X E r [ mr +i+i] + X E2 [ mr+ i_i}) — X El [ mr+t ] 

= X El X Er [ rnr+l+1 ^ + (X El [ mr+ q + X E3 [ rnr+l _2]) — X El [ mr +i] 

= X El X Er + X E3 

The case for i = r and j ; = 2, we have 

"^E r [2]^E 2 [mr+l] 
= (X Er X El — l)X E2 [ mr+ i] 

= X Er {X El [ mr+ i +1 [ + X E3 [ mr+l _i]) — X E2 [ mr+i [ 

= X Er [ mr+ i +2 ] + (X E . 2 [ mr+ i[ + X Er X E3 [ mr+ i_i}) — X E2 [ mr+ i] 

= X Er [ rnr+l+2 ] + X Er X Es [ mr+ i_iy 
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For i — r — 1 =>• j = 1 : 

^E r -i[2]^£i[rar+I] 

= Xe t _ 1 (^B r [mr+!+l] + -^E 3 [mr+I-1]) — Xe 1 [mr-\-l] 

= (^£ r _i[mr+I+2] + ^fii[mr+!]) + ^£ r _i^E 2 [mr+!-l] — ^Bi[mr+I] 

= X Et _^ [mr+l+2] + ^£ r _i-^B 2 [mr+l-l]- 

Now, suppose it holds for k < n, then by induction we have 

[mr+i] 

= {XEi[n]XE i + n - ^[»-l])^[mr+l] 

= XE i + n (X Ei [n]XE j [mr+l]) ~ X Ei [n-1] Xe$ [mr+l] 

= Xe 1+ti (^[(m+lJr+l+j-il-^'Bjln+i-r-j] + -^"-E; [r+j-i-l]XE„ +i+1 [(m+l)r+l+j-n-i-l] ) 
i [(m+l)r+Z + j-i\X E] [n+i-r-j-l\ + X Et [r+j-i-l\X En + i [( m+ l)r+l+j-n-i\) 

= -^Bi[(m+l)r+i+j-i] (XEjln+i+l-r-j] + X Ej [ n +i-r-j-l]) 

+X Ei [ r +j— i-1] (^B„ +i [(m+l)r+i+j-n-i] + -^_E„ + i+2 [(m+l)r+i+j-n-i-2] ) 

~~ ( J ^E < [(m+l)r+i+j-i]^'E i [n+i-r-j-l] + ^B 4 [r+j— i— l]-^£„ +i [(m+l)r+J+.j— n— fl) 

= AE 4 [(m+a)r+J+.j— i]^Ej[n+»+l-r— j] + -^Ej [r+j-i-l] XE n + i+2 [(m+l)r+l+j-n-i-2] ■ 

2) When k = l, by i<l + j<k + i-l =>■ i <l+j <i => i = l + j. 
Then by Theorem 12. II or Theorem 12.51 we have 

^Ei^Ej[mr+i] = -XEj+^-X&dmr+q = [mr+i+1] + X Ej [mr+l-l] 

When fc = 2, by i < £+j < k+i-1 ==> i < l+j < i + l => i = l+j or i + l = l+j: 
For i = I + j , we have 

XEi pl^linr+I] 
= XE l+J [2]X E] [ m r+l] 

= {Xe 1+0 X Ei+]+1 ~ l)X Ej [ mr +l] 

= (XEj [mr+i+1] + X Ej [mr+l-l])XEi +j + 1 — X Ej [ m r+l] 

= -Xfij [mr+i+2] + A^[ ror+ j] + ^B^j+i^Bjfmr+i-l] — -^_Ej [mr+i] 

= ^[mr+j+2] +^B, +3 - + i^[mr+l-l]- 

For i + 1 = I + j, we have 

XEiftjXEjlmr+l] 
= X El+j _^{2]X Ej [ m r+l] 
= {X El+] _ 1 X El+] - l)X Ej [mr+l] 

= (XEj[mr+l+l] + X Ej [ mr +l-l])XE l+j _ l ~ X Ej [ mr +l] 

= ^_Ej[rnr+i+l]^£;i +J _i + P^Ej [mr+l] + -^Ej [rnr+Z-2] ) — X Ej [mr+l] 

= ^£j[mr+l+l]fti +J _i + XEj[mr+l-2]- 
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Suppose it holds for k < n, then by induction we have 

^Ei [n+l] [mr+l] 

— (X E .[ n ]XE i+n — X Ei [ n _i])X E .[ mr+ i] 

= (^E i [n]^E j [mr+l])XE i+n ~ X Ei [„_ X ] X E . [ mr+ i] 

j [mr+n+!-j']^E,[I+j-i] X Ej [rnr+i-j - 1] X E[+j + 1 [n+i-l—j-1] )X Ei+rl 
~ (X Ej[mr+n+i-j-t\X Ei [l+j-i] + X Ej [ mr +i-j-l] Xe 1+j + 1 [n+i-l-j-2] ) 

= (x E 

j [mr+n+2+1— j] [mr-\-n-\-i—j — i])X Ei [i+j-i] 

+ (X El+] + 1 [n+i-l-j] + ^B, +J+1 [n+ 1 -!- ] -2])^B J [mr+ 4 -i-l] 
— {X E j[mr+n+i- j -l]X Ei[l+j-i\ + X Ej[mr+i-j-l]X E l+j + 1 [n+i-l-j-2]) 
= XE^mr+n+i+l-flXEill+j-i] + X Ej [mr+i-j-l]^E|+ 3+ i [n+i-l-j] ■ 

3) It is trivial by the definition of the Caldero-Chapton map. □ 
We explain Theorem 1 7. II by the following proposition involving a tube of rank 3. 
Proposition 7.2. (1) For n > 3m + 1, then 

X E 2 [3m+l]X E 1 [n] = Xe 2 X Ei [n+3m] +^Ei[n+3m-3] +Xe 2 X Ei [n+3m — 6]+Xe 1 [ n +3m-9] 
+ • • • + XE 2 XE 1 [ n -3m+6] [n— 3m+3] + Xe 2 Xe 1 [n-3m] •> 

(2) For n > 3m + 2, then 

X E 2 [3m+2]XE 1 [n] — Xe 2 [n+3m+2] +Xe 2 Xe 2 [n+3m — 1] +Xe 2 [„+3m-4] +Xe 2 Xe 2 [n+3m-7] 
+ • • • + X E 2 [ n -3m+2] + ^E 2 ^£ 2 [n-3m-l]i 

(3) For n > 3m + 3, then 

X E 2 [3m+3]X Exln] = ^Bi[n+3m+3] + X e 3 [n+3m+l] + -*-E 2 [n+3m-l] +^Si[n+3m-3] 
+^B 3 [n+3m-5] + ^£ 2 [n+3m-7] + ' ' ' + ^£i[n-3m+3] 
+^E 3 [n-3m+l] + ^£ 2 [n-3m-l] + -X^i [n-3m-3] ■ 

Proof. (1) By Theorem 17. 11 then we have 

-^£ 2 [3m+l]^Ei[n] 

= X E 2 [n+2\X Exfim-l] + -^VE 2 -<VEi [n-3m] 

= •^E 2 [3m-2]^ - £i[n+3] + -^Ei [n-3m+3] + ^E 2 ^Ei[n-3m] 

= -^E 2 [ra+5]AEi[3m-4] + ^CE 2 ^£i[n-3m+6] + ^£i[n-3m+3] + X E 2 X El [ n -3m] 

= x E 2 [3m-5]XE 1 [n+6] + Xe 1 [n-3m+9] + Xe 2 Xe ± [n-3m+6] + Xe 1 [n-3m+3] + X E 2 Xe 1 [n-3m] 

= XE 2 X El [ n +3m} + X El [ri+3m-3] + ^-E 2 X El [n+3tn-6] + -^Ei [n+3m-9] 
H h ^Ba^B^n-Sm+G] + ^Bi[n-3m+3] + Xe 2 X Ei [ 

n— 3m] • 

(2) By Theorem 17. 11 then we have 

X E 2 [3m+2]X E^n] 
= ^B 2 [ri+2]^Bi[3m] + X E 2 X E2 [„-3m-l] 

= ^£ 2 [3m-l]^Bi[n+3] + X E . 2 [n — 3m+2] + Xe 2 Xe 2 In— 3m — 1] 

= ^B 2 [n+5]^Bi[3m-3] + ^£2^B 2 [n-3m+5] + X E2 [ n -3m+2] + X E 2 X e 2 [ n -3m-l] 

= ^£ 2 [3m-4]^Bi[n+6] + ^£ 2 [n-3ra+8] + X E 2 X e 2 [ n -3m+5] + X E 2 [ n -3m+2] + ^£ 2 ^B 2 [n-3m-l] 

= X E2 [n+3m+2] + Xe 2 Xe 2 [n+3m — 1] [n+3m- 4] + Xe 2 Xe 2 [n+3m- 7] 

+ • • • + A^ 2 [ n _3 m+ 2] + AE 2 A E2 [ n _ 3m _i]. 
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(3) By Theorem 17. 11 then we have 

^E 2 [3m+3]^E 1 [n] 
= *e 2 [n+2] x E l [3m+l] ~\~ X E2 X E ^y n _ 3m— 2] 
[n+2] x E 

i [3m+l] [n— 3m— 1] 

= X E2 [ 3m ] Xg^ [ n+3 ] +Ag 3 [ n _3 m+1 ] + AE 2 [„_3 m _i] + ^B^n-Sm-S] 

= ^Bi[n+3m+3] +^£ 3 [n+3m+l] + ^E 2 [n+3m- 1] 

+ J -VE 3 [n+3m-5] + ^E 2 [Ti+3m-7] + ' ' ' + ^£i[n-3m+3] 
+^ r £ 3 [n-3m+l] + -^E 2 [n-3m-l] + -*Tei [n-3m-3] ■ 

□ 

Corollary 7.3. When n = 3k + l,u;e can rewrite Proposition \ 7. 2\ as following: 

(1) For n > 3m + 1, then 

X E 2 [3m+l]X Ei[n] = ^£i[n+3m+l] + ^£i[ti+3m-l] + ^Bi[n+3m-3] + ' " ' 

+^Bi[n-3m+5] + ^Ei[n-3m+3] + ^Bi[n-3m+l] + X El [n-3m- 1] 7 

For n > 3m + 2, t/ien 

^B 2 [3m+2]^£;i[n] = ^E 2 [n+3ra+2] + ^£ 2 [n+3m] + •^B 2 [n+3m-2] + ^B 2 ["+3m-4] 

+ ■ ■ • + x E2 

[n — 3m+2] 

+ x E2 

[n— 3m] 

+ x E2 

[n— 3m — 2] 5 

(Sj For n > 3m + 3, t/ien 

2 [3m+3]^ r £i[ti] - ^£i[n+3m+3] + X E3 [n+Zm+l] +^£ 2 [n+3m-l] 

+^i[n+3m-3] + ^B 3 [n+3m-5] + ^£ 2 [n+3m-7] + ' " " 
+X El [ n -3 m +3] + X Es [„_3 m +i] +^£ 2 [m-3m-l] + X El [„_3 m _3] . 

Proof. When n = 3fc + l,we have the following equations: 

X E2 X El [ n ] = X Bl [ n+1 ] + X El [ n _^ 
X E2 X E2 y n _-Y\ = XE 2 {n] + XE 2 [ n -2] 

Then the proof immediately follows from Proposition 1 7. 2 1 □ 

In the same way by using Theorem 17. 11 we have the following proposition. 
Proposition 7.4. (1) For n > 3m + 1, then 

X El [3m+l] X El [ n ] = X El X El [n+Zm] +X El [„+3 TO _3] +X El X El [ n +37n-6] +X El [„+3 m _g] 
+ • • • + X El X El [ n _ 3m+6 ] + -X's 1 [ n _3 m +3] + X El X El ^ n _ 3m }, 

(2) For n>3m + 2, then 

X El [3m+2]X El [ n ] = X E% [ 2 ] (X El [„ + 3,„] + X Bl [„+3 m _6] H H ^Ei[n-3m])i 

f5j For n > 3m + 3, tfien 

-^Ei[3m+3]^Ei[n] = ^Bi[n+3m+3] + X E . 2 X El [ n+3m j +X E% [„+3 m „3] +X E2 X El [„+3 m _6] 
+ • • • + X £l [ n _ 3m+3 ] + AE 2 I Bl [ n _ 3m ] + ^£i[n-3m-3]- 

Remark 7.5. fij By the same method in Corollary \7.S\ we can also rewrite Propo- 
sition \7.4\ if we consider these different n. Here we omit it. 

(2) In fact, we can also check Proposition \ 7. 2\ Corollary \ 7. 3\ and Proposition \7.4\ 
by induction. 

8. Appendix on the difference property 

In this appendix, we show that the difference property holds for any tame quiver 
without oriented cycles. 
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8.1. Let Q be a tame quiver without oriented cycles and 8 be its minimal imaginary 
root. For any CQ-module M, define 

d{M) := (<5,dimM). 

Let ( dim M)i be the i-th component of dim AJ for i G Qq. It is called the defect of 
M. A pair (A, Y) of CQ-modules is called an orthogonal exceptional pair if A and 
Y are exceptional modules such that 

Rom CQ (X,Y) = Uom CQ (Y,X) = E^ CQ (Y,X) = 0. 

We denote by S(A, B) the full subcategory of modCQ generated by X and Y. The 
following result is well-known. 

Lemma 8.1. Let Q be a tame quiver. We fix a preprojective module P and a 
preinjective module I such that <9(P) = —1 and dimP + dim / = 8. Then the 
subcategory S (P, I) is a hereditary abelian subcategory and there is an equivalence 

T : modPJ -> S{P, I) 

where K is the Kronecker algebra C( 1 % 2 ). Every tube o/modCQ contains a 
unique module M as the middle term of the extension of P by I. 

Let e G Qo be an extending vertex, i.e., 8 e — 1. Let P e (resp. P) be the projective 
module (resp. injective module) corresponding to e. Let Q' be the subquiver of Q 
deleting the vertex e and involving edges. Then Q' is a Dynkin quiver. Let I (resp. 
P) be the unique indecomposable preinjective (resp. preprojective) CQ-module of 
dimension vector 8 — dimP e (resp. 6 — dim P ) . We obtain a subcategory S(P e ,I) 
(resp. S(P,I e )). Consider the universal extensions 

->■ P e 2 L -> J -4 and -> P -> P -4 I 2 e 0. 

Here, L (resp. L') is unique preprojective (resp. preinjective) CQ-module with 
dimension vector <5+dimP e (resp. 5+ dxraI „). Then we obtain a pair (/, T~ X U) as the 
mutation of the pair (P e , I) where T is the shift functor in V h (<CQ). Indecomposable 
regular CQ- modules consist of tubes indexed by the projective line P 1 . As in |CB[ 
Section 9], each tube contains a unique module in the set 

fl = {iso. classes of indecomposable X | dim A = 6, (dimrcg.top(A)) e ^ 0}. 

There are the following bijections: 

PHom(P e , L) ^ n ■* PExt^J, P e ) 

induced by the map sending ^ 8 G Hom(P e , L) to Coker^ and the map sending e G 
Ext (I, P e ) to the isomorphism class of the middle term. We note that the bijection 
between PHom(P e , L) and PExt 1 (7, P e ) is induced by the universal extension. Note 
that ^ 9 G Hom(P e , L) is mono. Dually, we also have an orthogonal exceptional 
pair (P, I e ). Each tube contains a unique module in the set 

Q' = {isoclasses of indecomposable X | dim A = 8, ( dim reg . socle ( X ) ) e ^ 0}. 

There are the following bijections: 

PHom(L', P) > ft' < PExt^P, P) 

induced by the map sending ^ 6' G Hom(L', I e ) to kei9' and the map sending 
e' G Ext 1 (P,P) to the isomorphism class of the middle term. Note that ^ 9' G 
Hom(L', P) is epic. 

Now we assume e is a sink in the quiver Q. Let T be any tube of rank n > 1 
and Pi , • • • , E n be the regular simple modules in T. Without loss of generality, we 
assume that rPj = P^_i for i = 2, • • -n, tE\ — E n and (E n ) e ^ 0. Let Ei[r] be 
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the indecomposable regular module in T with quasi-socle Ei and quasi-length r for 
i = 1, • • • ,n. Then E\ [n] £ J7. It is easy to know that 

dimcExtcQ(-Ei[n],P e ) = dim c Hom C Q(P e , E n [n}) = dim c Hom C Q(P e , Pi [n]) = 1. 

The corresponding short exact sequences are 

->• P e -> L -> Pi [n] -> 0, 

-> P e -> P„[n] -»■ ^i[n - 1] e P„/P e -> 

and 

-> P e ->■ Pi [n] -^7-^0. 
The last exact sequence is induced by the following commutative diagram 

^ P e » E n >► P„/P e ^ 

» P e >■ E n [n] ^ X ^ 0. 

Indeed, since E n /P e is a indecomposable preinjective module of defect 1 and using 
the snake lemma on the diagram, we have X = E\\n — 1] @ E n /P e . Hence, by 
Theorem 12.51 we have 

Consider the commutative diagram of exact sequences 

Pe — Pe 

Pi[n - 1] Pi[n] P„ 

Ei[n - 1] J *~ E n /P e *- 0. 

The short exact sequence at the bottom induces a triangle in C(Q) 

E 2 [n - 1] -»• t- 1 ! -> T-\E n /P e ) -+Ek[n- 1]. 
The short exact sequence 

-> P 2 [n - 2] ->• E^n - 1] -> P„ 
induces the short exact sequence 

-> P 2 [n - 2] ffi P e -> P 2 [n - 1] -> Pn/Pe -> 0. 

Hence, we have the triangle in C(Q) 

T- l {E n /P e ) P 2 [n - 2] © P e -> P 2 [n - 1] P„/P e . 
On the other hand, apply Hom(— ,Ei[n — 1]) to the short exact sequence 

0-¥P e -¥ E n -> P„/P e -> 

to obtain dimcExtcQ(-E„/P e ,-Ea[n - 1]) = dimcExtcg(P n , E\[n - 1]) = 1. Since 
HomcQ(P n /P e , E 2 [n — 1]) = 0, we deduce 

Ext 1 c(Q) { T - 1 (E n /P e ),E 2 [n - 1]) = Exti (Q) (P„/P e ,Pi[n - 1]) = 1. 

Hence, using Theorem 12.51 again, we have 

XE 3 [n-l]X T -i{E n /P e ) = X T -ij + X E2 [ n _ 2 ]Xp e . 
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Let £ be a regular simple module of dimension vector 5. Then by the similar 
discussion as above and Theorem 12.51 we have 

Xp c Xe = Xl + X T -ij. 

Therefore, we obtain the identity 

X El [n] = Xe + X E2 [ n -2]- 

By Lemma 6.4 in [Du2 , we have 

XEi[n] = Xe + X T -i( Ei [ n _ 2 ]y 

for i = 1, • ■ • , n. This identity is called the difference property. 

If e is a source, then I e is a simple injective module and (P, J e ) is an orthogonal 
exceptional pair. Let T be as above. Then reg.socle(P„[n]) e = {E n ) e ^ and then 
E n [n] 6 n' . It is easy to know that 

dim c ExtcQ(/ e , E n [n]) = dimcHomcg ( Pi [n], I e ) = dim c Hom C Q (P„ [n] , I e ) = 1. 

The corresponding short exact sequences are 

-> E n [n] -> L' -> I e -> 0, -> P -> P„[ri] ->■ J e ->• 

and 

-> y -> Pi[n] -> J e -> 0. 

Let 

P' -> Pi -> J e -> 0. 

be a short exact sequence. Here, P' is a preprojective module. Then we have 
Y = P' © Pi[n — 1] by the following commutative diagram 

*~ y E x [n] ^ J e 

^ P' > E n ^ I e 0. 

The short exact sequence 

o -> y -> Pi [n] -> J e -4 

induces a triangle in C(Q) 

J e ->• rP' © P„[n - 1] P„[n] -> rJ e . 
Hence, by Theorem 12.51 we have 

Xl c X En [ n ] = Xl> + X En [ n -l]X T p< . 

The short exact sequence 

-> P' -> P ->• P„[n-1] -> 
induces the triangle in C(Q) 

tP' ->• tP P n [n - 1] -> r 2 P'. 
The short exact sequence 

-> P' -> P„[n - 1] ->• Pi[n - 2] © J e -> 
induces the triangle in C{Q) 

E n [n - 1] -> Ei[n - 2] © J e -> rP' ->• P x [n - 1]. 

Hence, we have 
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Let £ be a regular simple module of dimension vector S. Then by the similar 
discussion as above and Theorem 12.51 we have 

Xi c Xe = Xl> + X T p. 

Therefore, we obtain the identity 

XE n [n] = Xe + 

By Lemma 6.4 in [Du2 , we have 

XEi[n] = Xe + X r -i(s i [ n _2]). 

for i = 1, • ■ • , n. We have proved the following theorem 

Theorem 8.2. Let Q be a tame quiver without oriented cycles and T be a tube of 
rank n > 1 with regular simple modules E\ , • • • , E n such that E\ — tEi , • • • , E n = 
tE\. Assume S is the minimal imaginary root for Q. Then we have 

^Ei[n] = Xe + X T -l El [ n -2] 

for i — 1 , ■ • • , n and any regular simple module E of dimension vector 5. 

In |Du2) . the author defined the generic variables for any acyclic quiver Q. In 
particular, if Q is a tame quiver, the author showed the the set of generic variables 
is the following set 

B g (Q) := {X L ,Xf-X R | L e C(Q), Ext x (£, L) = 0,m > 1,R is a regular rigid module}. 

The author proved that if the difference property holds for Q, then B g (Q) is a 
Z-basis of the cluster algebra £7i(Q). If Q is of type A Ptq , the author showed the 
difference property holds. Hence, by Theorem 18.21 we have the following corollary. 



Corollary 8.3. The set B g (Q) is a 7L-basis of the cluster algebra £'H(Q). There is 
a unipotent transition matrix between B g (Q) and B(Q). 



Proof. With the notation in Theorem 18. 2[ we have 



X™X R = XeX R = (XE i [n]-X Et + l[n _ 2] ) m XR — {X Ei [mn] + ^ n L X L )X R 



where L is a regular module and n/, e Z. Using Lemma 13.21 Theorem 17.11 and 
Theorem II .H we obtain 



{X Ei [ mn ]+ n L X L )X R — Xt®R> + ^ nyXy. 

dim L^mS dimF-<dim(T©_R') 

where both T © R' and Y are regular modules such that Xtq R ' , Xy e B(Q) and 
ny G Z. This completes the proof of the corollary. □ 

Corollary 8.4. There is a unipotent transition matrix between B g {Q) and B'(Q). 

We will illustrate Theorem l8.2l bv two examples in the following. 

8.2. Let Q be a quiver of type A p ^ q as follows. 




p + q 



The difference property has been proved to hold for A p>q by the different method 
in |Du2j . Here we give an alternative proof. There are two non- homogeneous tubes 
(denoted by To, Too) in the set of indecomposable regular modules. The minimal 
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imaginary root of Q is (1, 1, • • • , 1). Let A € C* and E(X) be the regular simple 
module as follows 



l 



Its proper submodules are of the forms as follows: 

C » 



c- 



1 



The regular simple modules in 7o are 

^yf C ' ^ C \^ 

E\ 0) = S p+t+1 for 1 < t < q - 1, 4 0) : C „ \ 



s ^0' 



The regular module [q] has the form as follows 

C » 



'C- 



Its proper submodules are of the following two forms: 



and 

3 ^0 



o 



l 

^0 



The proper submodules with the second form are the submodules of E^' [q — 2] 
with regular socle S p +2- Hence, we have 

X (Gre(E[ 0) [q})) = X {Gr e _(E{\))) + X (Grv [<? - 2])) 

for any dimension vector e and e' — e — dha.S p +2. Indeed, by [Hull Lemma 1], we 
have 

dim^ 0) R + dimE^ R tr = dim£'j Q) + dimiE^ . 
By definition, we deduce the difference property for A PiQ . 
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8.3. Let Q be a tame quiver of type D m for m > 4 as follows 

m 1 

m — 1 5- • • • 4 s- 3 

m+ 1 2 

There are three non- homogeneous tubes (denoted by 7o,7i,7^o). The minimal 
imaginary root of Q is (1,1,2, ••■ ,2,1,1). Let A e C and -E(A) be the regular 
module as follows: 

c 2 — 

C^f > ] ( A 1> 

We note that £(0) e and E(l) e 71. Replacing (A 1 ) by ( 1 ), we obtain 
a regular module E(oo) G 7^o. The regular simple modules in 7i are 



e[ 1] = S t+ 2 for 1 < t < m - 3, E$_ 2 =: 



C 

1 X 



1 X 

C 



We note that E{\) = E^ ] [m - 2]. 

Let e = (ei,-- - , e TO +i) be a dimension vector satisfying one of the following 
condition: 

(1) e 2 ^0; 

(2) e 2 = 0, e 3 = 0; 

(3) e 2 = 0, e 3 = 2. 

Let M be a submodule of E{\) for A e C* with dim M = e. Then it is clear that 
there are unique submodule M(0) of E(0) and submodule M(l) of E(l). Hence, 
we have 

X {Gre(E{\))) = X (Gre(E(0))) = X {Gr^E{\))) and xiGr^E^ [m - 3])) = 

for A 6 C*. Now we consider the proper submodules M of E(l) with dimension 
vector e satisfying e 2 = 0, = 1. If M = X © Y. we assume that X satisfies 
( dim X)z = 0, then X is also the submodule of E(X) for any A € C*. Hence, we can 
assume that M is indecomposable with ( dirn M).^ = 1 and (dimM) 2 = 0. Then M 
has the form as follows 
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Let N be an indecomposable submodulc of E(X) such that ( dim AQ.s = 1 and 
( dim AT) 9 = 0. Then N has the form as follows 





It corresponds to the submodule of E(l) 
() 






Note that x{Gre{E^ ] [m - 3])) = x(Gr £ -dimS3 C^f V - 4])). Hence, we have 
X (Gr,(E(l))) = x(Gre(S(A))) + x(Gre-di ffi s 3 (^ 1) [m-4])). 
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